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We present a simple scheme for computing the full current-voltage charac-
teristics for tunnelling experiments within the framework of the non-equilib-
rium Keldysh Green function formalism. This formalism is ﬂexible enough to
address different pairing symmetries combined with magnetic ﬁelds at arbi-
trary bias voltages. We show how to apply these results to probe for the sym-
metry of the superconducting order parameter in the Bechgaard salts using
tunnelling experiments.
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1. INTRODUCTION
Organic materials have provided physicists with an extraordinary lab-
oratory to study the effects of interactions in solids.1 Indeed such com-
pounds made of coupled chains allow to realize Luttinger liquids,2 one of
the very few controlled examples of non-Fermi liquids due to interactions.
In addition, contrarily to other realizations of one dimensional systems,
the organics offer unique challenges: because of their very three dimen-
sional nature, they provide not a single one dimensional electron gas, but a
very large number of such one dimensional systems coupled together. This
allows thus for a unique new physics to emerge where the system is able to
crossover from a one dimensional behavior to a more conventional three
dimensional one.
As a consequence of this dimensional crossover, at low temperature
these materials undergo instabilities towards three-dimensionally ordered
states, such as spin-Peierls, antiferromagnetic and even superconducting
states. Needless to say, the presence of superconductivity in these com-
pounds is a tantalizing and challenging question. Despite the period of
225
0022-2291/06/0200-0225/0 © 2006 Springer Science+Business Media, Inc.
226 C. J. Bolech and T. Giamarchi
a quarter of a century since the discovery of superconductivity in these
materials,3 the mechanism and even the symmetry of this superconducting
phase have remained elusive, and many efforts have been devoted to this
subject. Recently, the case for triplet nature of this superconducting phase
has been made,4 mostly by measurements of the upper critical ﬁeld and by
NMR measurements, but the subject is far from being settled.
We explain here how point contact tunnelling experiments can be
used to probe for the symmetry of a superconducting state. In the recent
years, the possibilities to perform point contact tunnelling have been dras-
tically enhanced with the development of scanning tunnelling microscopy
(STM).5 Correspondingly, theories to interpret tunnelling experiments in
superconductors have evolved from simple semiconducting band models,6,7
to more systematic approaches based on the tunnelling Hamiltonian.8−10
We show here how one can extend and simplify the formalism to make it
more versatile and easy to implement.11,12 This allows to study the case of
superconducting (singlet or triplet) leads, as well as the effects of magnetic
ﬁelds on the junction. The resulting theory can be thus directly used as a
probe of the symmetry of the leads.
2. TUNNELLING
We model the system with a (one-dimensional) Hamiltonian that
includes the two leads and a tunnelling term: H = H1 + H2 + Htun. Each
lead is described by
K = ξckσψ†ckσψckσ −
{
a
[
ψ
†
Rkβσ
a
βααψ
†
Lk¯α¯
]
+h.c.
}
, (1)
where K =H −μN and μ is the corresponding electrochemical potential.
All the indices are summed over, in particular k is the lattice momen-
tum, Greek indices correspond to the spin, and c∈ (L,R)≡ (−1,+1) sums
over the two possible chiralities. ξckσ = cvFk −μ−σh are the correspond-
ing linear dispersions, shifted by the inclusion of chemical potential and
magnetic ﬁeld along the zˆ-axis (for convenience we will take vF =1). This
is the extension of the pairing-approximation Hamiltonian found in BCS
theory to the triplet case. The third term in the Hamiltonian describes the
tunnelling: Htun = t (ψ†1σ (0)ψ2σ (0) + h.c.). We deﬁne the current as given
by the rate of change in the relative particle number caused by tunnel-
ling: I = e2i 〈[Htun,N1 −N2]〉. It is justiﬁed, for simple superconductors, to
use one-dimensional leads to carry out all the standard calculations. For
unconventional superconductors the situation is more complex, because
the anisotropic nature of the pair wave-function has to be taken into
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account when modelling the leads. But the organic superconductors are
supposed to have p-wave symmetry and be highly anisotropic. We can
therefore, as a ﬁrst approximation, conveniently restrict ourselves to a one-
dimensional model and adopt a formalism that encompasses both s- and
p-wave symmetries, as well as the normal state. In order to deal with an
out of equilibrium situation, we use the so-called Keldysh formalism.13 We
treat the tunnelling term to all orders to calculate the full I–V line and
give a quantitative account of the subgap structure. We skip here all tech-
nical details and refer the reader to Ref. 11,12 for those.
3. TEST FOR TRIPLET
We choose here for illustration some convenient set of parameters.
The tunnelling overlap integral takes the values t = 0.2 and t = 0.5, and,
when present, a magnetic ﬁeld of h=0.2 in units of ( is the magnitude
of the singlet gap, 0, or of the triplet vector order parameter depending
on the case). We show curves for the dc response in the limit of vanishing
temperatures. The geometry of the junction corresponds to tunnelling per-
pendicular to the chains of the quasi-one-dimensional compound, with an
orbital order parameter aligned along them. In this situation no mid-gap
states14 are expected and, therefore, no midgap features either. We concen-
trate on what happens at the conduction edge, in particular the effects of
applied ﬁelds. We refer the reader to the literature for some recent studies
that look at the effect of ﬁelds on zero bias anomalies.15
The case of normal-metal-superconductor junctions corresponds to
standard STM experiments. Figure 1(a) shows typical curves for a point-
contact junction between a normal metal and a conventional singlet-pair-
ing superconductor. The solid lines correspond to the N–S junction in zero
ﬁeld and the dashed line is for one of the junctions in the presence of
a magnetic ﬁeld that produces what would be seen as a Zeeman splitting
of the differential conductance peak. The second part of the ﬁgure corre-
sponds to a junction between a normal metal and an unconventional trip-
let-pairing superconductor. The solid lines correspond to the N–T junction
in zero ﬁeld and the dashed line is for the t = 0.2 junction when in the
presence of a magnetic ﬁeld aligned with the vector order parameter . If
one considers a magnetic ﬁeld perpendicular to the order parameter (h⊥
), it has no effect on the I–V characteristic.
Figure 2 corresponds to junctions in which both sides are conven-
tional spin-singlet superconductors and junctions connecting a spin-sin-
glet and spin-triplet superconductor. This corresponds to a potential STM
experiment with a superconducting tip made out of a conventional super-
conductor used to probe a superconducting phase of unknown symmetry.
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Fig. 1. I–V characteristics of normal-superconductor junctions. (a) N–S junctions for t =0.2
(lower curves: with and without applied magnetic ﬁeld, dashed and solid line respectively, h=
0.2) and t = 0.5 (upper curve, solid line only); the curves are vertically displaced for clarity.
(b) N–T junctions for t =0.2 (upper curves) and t =0.5 (lower curve).
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Fig. 2. I–V characteristics of S–T junctions with and without magnetic ﬁeld (dashed and
solid lines respectively, h = 0.2). The lower solid and dashed curves are for t = 0.2 (without
and with magnetic ﬁeld) and the upper solid curve is for t = 0.5. The dotted lines are (i)
the straight unitary slope line given for reference and (ii) the S–S characteristics for similar-
parameters junctions (upper t =0.5 and lower t =0.2) given for comparison purposes.
In the case of conventional superconductors (dotted lines) and when orbi-
tal effects can be ignored, the I–V is not sensitive to applied magnetic
ﬁelds. On the other hand, the solid lines correspond to singlet-triplet
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junctions, that are insensitive to the orientation of the vector order param-
eter on the triple-pairing side of the junctions, and their current ampli-
tude is found to be systematically smaller than in the case of the respective
singlet–singlet junctions. The ‘sub-gap’ structure shows only two steps and
the current is zero when eV <Triplet (the vector order parameter on the
spin-triplet side of the junction). Concerning the effects of an applied mag-
netic ﬁeld, the curves remain unchanged if the ﬁeld is applied parallel to
the direction of the vector-order-parameter, but show instead a Zeeman
effect if the ﬁeld is perpendicular to it (dashed line).
In the organics1 the experiments show that for magnetic ﬁelds along
the direction of the conducting chains (a) the upper critical ﬁeld is pos-
sibly paramagnetically limited for small ﬁelds (before crossing the upper
critical ﬁeld along b′ that is never paramagnetically limited). In that range
we could assume that the direction of the order parameter is ﬁxed respect
to the lattice and does not follow the applied ﬁeld.16 With this geometry, a
Zeeman splitting of the differential conductance peak should be observed
in a normal-tip STM experiment. As the ﬁeld is rotated the splitting would
be suppressed and for a magnetic ﬁeld oriented parallel to the b′ crystal-
line-axis there should be no Zeeman effect. The disappearance of splitting,
even as the ﬁeld is possibly being increased, would constitute a clear signa-
ture of spin-triplet superconductivity. Similarly, an s-wave-tip STM would
also be a direct probe for spin-triplet order. When a ﬁeld is applied along
the b′ crystalline-axis, a Zeeman splitting would occur. This would consti-
tute a clear sign of unconventional superconductivity since such an effect
does not take place for standard BCS superconductors. The b′ direction is
the one on which the upper critical ﬁeld is not paramagnetically limited,
so relatively large ﬁelds could be applied in order to obtain a clear sig-
nal, and as the ﬁeld alignment changes the splitting should disappear. No
successful attempts of this kind of experiments were as yet made in the
case of the quasi-one-dimensional organic salts, but efforts in this direc-
tion are on their way. Recently, preliminary experiments involving junc-
tions between two Bechgaard salts were performed, and they showed a
number of puzzling features including a zero-bias conductance peak and
zero excess current.17 We certainly hope that further tunnelling experi-
ments along the lines described on these notes can be performed.
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